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Abstract 
In upper-arm reaching movements, positional variances of the optiｭ
mal trajectories based on optimal feedback control have been reported 
to exhibit a peak around the middie of the movement duration in a oneｭ
link arm model and in a mass point model. However, the variance in a 
two-link arm model has not been examined. In thi司 study, we show that 
the positional variance of the hand of a twcトlink arm based on a l凶e紅
quadratic regulator exhibits a peak around the middle of the movement 
duration and this property agrees with that of the measured trajectories 
of humans 
Keywords : two-li叫王 upper-arm reaching movement, optimal feedback 
control, linear quadratic regulator, positional variance 
1 Introduction 
In upper-arm reaching movements of humans, the trajectories of the hand are 
slight curves 叩d the註 speed profiles are bell司shaped curves [l]. F\凶hermore,
the positional variances of the hand exhibit a peak around the middle of the 
mo問ment duration in iterative one-link upper-arm reaching movements [2] and 
in iterative twかlink upper-arm reaching mo刊ments [3][4]. 
Todorov and Li (2005) proposed the iterative linear quadratic Gaussian 
method (iLQG) as an optimal feedback control for upper-arm reaching mo刊－
ments [5]. The results show that the optimal trajectories of the hand are slight 
curves and that 出e optimal speed profiles are bell-shaped curves. Furthermore, 
the optimal trajectories based on optimal feedback control have been reported 
to exhibit a reduction of the positional variance around the middle of the moveｭ
ment duration in a m部s point model [4] or an inertial point model [6]. However, 
the characteristic of the positional variance of the hand in a two-li叫E arm model 
has not been examined. In this study, we examined the positional variance of 
the hand based on a linear quadratic regulator (LQR) in the twiかlink upper-arm 
r巴aching movements. 
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Figure 1: Task of a twcトlink upper-arm reaching movement in the horizontal 
plane. 
2 乱1ethod
We obtain巴d the optimal control signals by using an LQR for a nonlinear muscuｭ
loskeletal system after its linearization and then computed the trajectories from 
the optimal control signals and signal-dependent noise. Finally, the positional 
variance of the hand was compuもed from the trajectories. 
2.1 Task 
Figure 1 shows the task of an upper-arm reaching movement. The start position 
Ps = (xs, Ys) is (0, 0.3) [m), and the target position Pe = (xe, Ye) is (0, 0.55) 
[m]. The movement duration is 0.35 s. 
2. 2 M usculoskeletal system 
The musculoskeletal system is a twcトlink six-muscle arm model. The dynamics 
of the system g(x, u) are as follows [7]: 
where the state vector x denotes [q, q, fjT, u = [u1, u2, ｷ ｷ ｷ , u6JT represents 
the vector of control sign叫s, q = [81, 82jT indicates the joint angles, f = 
[f1, h, ｷ ｷ ｷ, f5]T refers to the muscle forces, r = [T1, T2]T denotes the joint 
torques that are related to the muscle forces, the matrix of time constants T is 
diag[T1 , T2 ，・・・， T5], and fc = lJc1, fc2 ， ・· • , f c6JT represents the intrinsic muscle 
forces. 
M(q) [I ＋叫 21 ' (2) 
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Table 1: Parameters of thβtwo-link arm model 
Parameter Link 1 Link 2 
Mi [kg] 1.59 1.44 
Li [m] 0.30 0.35 
Ii [kgm2] 0.18 0.21 
Si [cm] 6.78 7.99 
Thepararr叫ers of the two-link arm model are given in Table 1 [8]. The dynamics 
of the muscle forces have the low-pass filter property in th叫 the muscle force 
changes smoothly [9], and the time constant T; is set 回 0 . 2 s. 
The intrinsic muscle forces f c are determined as follows: 
fc(u) =u+Di+K(l 一九） (4) 
where l = [li, l2, , l6JT denotes the vector of muscle lengths, le represents 
the vector of muscle natural leng七hs , the matrix of viscosity coefficients D is 
diag[d1, d2γ ・・ , d6], and 七he matrix of the elasticity coe伍cien七s K is diag[k1, k2, ｷ ｷ ｷ , k6]ｷ 
The coefficier山 ki and di are set as 1.0ﾗ 103 N/m 阻d 2.5ﾗ 103 Ns/m, re-
spectively. The muscle length vector l isdescribed 出
l = Gq + l。（5)
＝［一α1α1 0 0 ーα3 31 T I _ (6) 
0 0 －α2α2 一α4α4 1
where G represents the matrix of the moment arms， 向 denotes the moment arm 
(Table 2), and lo indicates the muscle length for q = 0. Then, the following 
equation is derived 仕om Eqs. (4) and (5): 
fc(u) =u+DGq+KG(q ーも） (7) 
where qe denotes the non-singular angle for the natural length le. The nonｭ
singular angle qe isassumed to be the joint angle for the target position Peｷ On 
the other hand, the joint torque T is described 出
T = -GTf. (8) 
Then, the alternative dynamics of the musculoskeletal system are derived by 
substituting Eqs. (4) and (8) into Eq. (1). 
,J I q I I iJ. I 
ニ liJ.I =g(x,it)= I M-1(q)(-C(q,q)-GTf) I (9) 
dt ltJ lr-1{ f+u+DGq+KG(q ーもnJ
2.3 LQR controller 
We obtained the control signals by using an LQR [7]. The linearized model of 
the musculoskeletal system around a non-singular point (x＊ ，ザ） is described 槌
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Table 2: Moment arms of muscles. 
Parameter 
Moment arm [cm] 
α1 
4.0 
α2 
2.5 
α3 
3.5 
α4 
3.0 
where x = x -xぺ U=U-Uぺ
u
 
z
 
Q
u一
z
n
O
ヌ
σ
一一A
 
U
 
2
 
9
一
U
A
υ
一
円
。
一
一
B
 
) 
－
E
ム
可
E
ム
( 
The non-singular point is set 剖（ ［qe, 01xsJI', 0). The evaluation function J is 
J=xT悦戸（t1)+ fot1内定＋内同 (12) 
where t f denotes the mo刊ment duration, Q f = diag(2α × 107 , 2α × 107 , 5ﾗ106, 
5ﾗ106, 10, 10, 10, 10, 10, 10), Q = 0 , and R = (3ﾗdiag(l, 1, 1, 1, 1, 1 ） ， αis 
set as 0.1, 0.25, and 1.0, and f3 is set 出 1.0 , 5.0, and 10.0. Then, the optimal 
control signal u takes the following form: 
u = -R-1 BT P(t)x. (13) 
The matrix P（も） is obtained 仕om the following Ricatti differential equation 
running backward in time from t = t 1: 
P(t) = -AT P(t) -P(t)A + P(t)BR 1 BT P(t) -Q, (14) 
P(t1) = Q1. (15) 
2.4 Positional variance 
The signal-dependent noise w(t) w出 added to the optimal control signal u(t). 
The applied noise w出 the Gaussian noise, in which the mean w回 zero and the 
variance W出 γluil2, where γ W出 set as 1.0. 
The positional variance of the hand in the horizontal plane w回 estimated
using a Monte Carlo simulation with 1000 repetitions. The variance σ；11 W槌
defined as the sum of the varianceσ2 and the variance σ；， in accordance with 
$勺
[3]. 
The state vector of the musculoskeletal system and the matrix P of the 
Ricatti differential equation were upda七ed by using the fourth-order Rungeｭ
Kutta method. The 凶tial values of the state vector x(O) were set 酪［q(O) ,
q(O), f(O)jI', where the inverse kinematics W出 used for determini時 the initial 
angles q(O) for the start position p8, q(O)=[O, OJI', and f (0) = [O, 0, 0, 0, 0,O]T. 
The time step was set as 1 ms. 
3 Result 
Figure 2 (a) shows the optimal trajectory of the hand position based on the 
LQR. The optimal trajectory of the hand position exhibits an almost straight 
line. Figure 2 (b) shows the hand speed profile. The speed profile exh出回 a
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Figure 2 ：・ Optimal trajectory based on the LQR. (a) The hand trajectory, (b) 
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もhe hand speed profile, ( c)the positional variances of the hand (The solid line, 
the dashed line, and the dotted line show the variances in the li.orizontal plane, 
the x direction, and they direction, respectively), (d) the angular torques (The 
solid line and the dashed line show the torques of the shoulder and of the elbow, 
respectively) . 
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Figure 3: Positional variances of the hand in the horizontal plane. (a) The 
variances for α ＝ 0.1, 0.25, 1.0 and f3 = 1.0 ar官 represented by a dotted line, a 
dashed line, and a solid line, respectively. (b) The varianc四 for α ＝ 1.0 and f3 
= 1.0, 5.0, 10.0 are represented by a solid line, a dashed line, and a dotted line, 
respectively. 
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bell句shaped curve with a peak around the middle of the movement duration. 
Figure 2 ( c) shows the positional variances of the hand. The variance in the 
horizontal plane exhibits a peak around the middle of the movement duration. 
Figure 2 ( d)shows the angular torques, which change smoothly. 
Figure 3 shows the positional variances of the hand in the horizontal plane. 
The weightsαand βdenote the weights of the end-position consもraint and of the 
energy cost, respectively. When αincreases, the positional variance at the end 
of the reaching movement decreases because the positional accuracy required 
by the reaching movement increases. On the other hand, when fJ is large (i.e., 
the rate of the energy cost in the cost function is large), the pos出onal variance 
increases because the control signal is suppressed. 
4 Con cl us ions 
In this study, we examined the positional variance of the hand on the basis of the 
LQR in the twかlink upper-arm reaching movement. The result revealed that 
the positional variance exhibited a peak around the middle of the movement 
duration. Therefore, optimal trajectories based on the optimal feedback can 
show the characteristics of a human reaching movement, such as the trajectory, 
the speed profile, and the positional variance. 
It has b巴en reported that the positional variance of the hand decreases with 
a decrease in the target size in a one-link reaching movement of a human [2]. 
We examined the positional variances for the weights of the cost function. The 
resul七 reveal巴d that the optimal trajectory based on the LQR can represent the 
positional variance for the target size. The central nervous system might select 
the weights for the target size. 
We adapted the LQR for the nonlinear twかlink musculoskeletal system, 
and the optimal control signal w出 corrupted by the signal-dependent noise. 
Although the iLQG was used in the previous studies [4][5), we used the LQR to 
easily examine the characteristics of the LQR and could repre田nt the char乱cter­
istics of the human reaching movement. In the future, we might have to ex乱mine
the characteristics of the optimal trajectoηby minimizing the expected value 
of the cost function in the twcトlink arm model. 
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